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ABSTRACT: This article is concerned with bubble
growth dynamics in the CO2/polypropylene microcellular
foaming process. The effect of the melt strength on the
bubble growth was thoroughly investigated in theory for
the first time. The theoretical results indicate that
enhanced melt strength effectively restrains the bubble
growth and stabilizes the bubble oscillation. Higher melt
strength leads to lower bubble growth rate, shorter growth
time, and smaller ultimate bubble size. Compared to the

melt strength, the viscoelasticity and the gas pressure have
less effect on the microcellular foaming process. The bub-
ble growth varies a little as the viscoelasticity is varied.
The bubble oscillation and growth rate are enhanced with
increasing gas pressure, which leads to the augmentation
of the bubble size. VVC 2010 Wiley Periodicals, Inc. J Appl Polym
Sci 118: 1949–1955, 2010
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INTRODUCTION

The melt strength of a polymer is a measurement of its
resistance to extensional deformation.1 It is an impor-
tant processing parameters in melt processing where
stretching or drawing occurs, such as in melt spinning,
blow molding, extrusion coating, and fiber extrusion.
The melt strength is recognized as the key parameter
in polymer foaming because of its great effect on bub-
ble growth (or collapse) and ultimate bubble size. Lee
et al.2 reported that the polymer melt near the gas bub-
bles was stretched biaxially when the gas bubbles
grew. The melt tension of the polymer around the bub-
ble played an important role in restraining the bubble
growth and preventing the breaking of the gas bub-
bles. The bubble size and foaming degree decreased
with increasing melt tension of the polymer regardless
of the structure, molecular weight of the polymer
resin, and melt temperature. It is known that common
polypropylene (PP) has a low melt strength and poor
foamability because of its crystallizability and linear
molecular structure. It is usually chemically or physi-
cally modified to enhance the melt strength and
improve the foamability.

Microcellular foaming is a complex process, for
many variables simultaneously influence the rheol-
ogy and microstructure of the foam product. Bubble
growth is one of the most important stages of the
foaming process because of its close relationship
with the ultimate bubble size and the microstruc-
ture. It has been broadly investigated since 1917.
Bubble growth models can be classified into two
groups: single-bubble growth models3–5 and cell
models.6–8

Zana and Leal9 investigated the effect of the shear
viscosity and surface tension on bubble collapse
using a single-bubble growth model. They reported
that the internal gas pressure and bubble collapse
rate decreased as the viscosity increased or the sur-
face tension decreased. Arefmanesh and coworkers6,7

studied the influence of the dimensionless parame-
ters of the structure foam processing on the bubble
growth in viscoelastic and Newtonian fluids using
the cell model. They reported that the bubble growth
rate in the viscoelastic medium was higher than that
in the Newtonian medium during the early stage of
the bubble growth. However, the fluid elasticity had
little effect on the bubble growth in the latter stage.
The ultimate foam had the same steady-state config-
uration in the viscoelastic and Newtonian fluids. The
bubble growth and cellular structure in viscoelastic
media were predicted in refs. 10 and 11. The results
show that the bubble growth rate increased with
increasing gas solubility, pressure gradient across
the bubble surface, and elastic-to-viscous ratio.

Journal ofAppliedPolymerScience,Vol. 118, 1949–1955 (2010)
VVC 2010 Wiley Periodicals, Inc.

Correspondence to: P. Zhang (cathyzp2002@163.com).
Contract grant sponsor: Foundation of Cultivating

Excellent and Innovational Young People of Guangdong
Province; contract grant number: LYM08073.



Lowering the surface tension increased the nuclea-
tion rate, which led to a higher bubble density,
smaller bubble size, and narrower bubble size
distribution.

Although the melt strength plays a very important
role in the foaming process, its effect on bubble
growth has not been theoretically investigated to
any great degree. Deeply and comprehensive experi-
mental studies have not yet been carried out. In this
study, the effects of parameters, including the melt
strength, on the bubble growth were theoretically
investigated and simulated with a cell model, and
the results are analyzed and compared in detail and
comprehensively in this article.

BUBBLE GROWTH DYNAMICS

Mathematical model

A numerical simulation model was constructed to
illustrate bubble growth in foam processing after
bubble nucleation. Consider a bubble concentrically
surrounded by a shell of polymer melt with a con-
stant mass. The gas dissolved in the melt shell uni-
formly distributes in a saturation state at the initial
time and only diffuses between the melt shell and
the bubble during bubble growth. Figure 1 shows
the configuration of the bubble and the melt shell
surrounding the bubble. The spherical coordinate
was selected with the center of the bubble as the ori-
gin. In Figure 1, R is the bubble radius, S is the outer
radius of the melt shell, r is the radial coordinate in
the spherical region, and c is the concentration of
the dissolved gas in the melt.

Before analyzing the bubble growth, we made the
following assumptions:

1. The bubble and the melt shell had the same
and fixed sphere center throughout the growth
period.

2. The gravity and inertia effects were ignored
because of the highly viscous entangled poly-
mer melt.

3. The polymer melt was incompressible. The vol-
ume of dissolved gas in the melt was
negligible.

4. Because the timescale of the bubble expansion
was much shorter than the cooling time, the
growth process was considered to be isothermal.

5. The dissolved gas in the polymer melt was in
the uniformly supersaturated state before bub-
ble growth.

6. The dissolved gas did not go in and out at the
outer boundary of the analyzed region.

Melt strength formation

When the polymer melt is stretched or drawn, a
melt strength forms in the polymer melt to resist the
tensile force. As the bubble grows, the melt shell
surrounding the bubble is stretched biaxially under
the high pressure inside the bubble, and melt
strength forms in the melt shell.2 The melt strength,
surface tension, and ambient pressure around the
melt shell (Pf) restrain the bubble expansion. That is,
the melt strength is a force to resist the bubble
growth.12 The surface tension is the force per unit
length12 that is tangent to the interface. Referring to
the definition of the surface tension, we define melt
tension as the melt strength per unit area (n) that is
tangent to the melt shell. The melt shell around the
bubble is considered to consist of coaxial infinitely
thin melt spheres. The melt tension of each sphere is
equal because the growth process is isothermal.
According to refs. 12 and 13, in a melt sphere with
radius r and thickness (dr), the radial pressure drop
(dp) caused by the melt tension is

dp ¼ 2ndr
r

(1)

The integration of eq. (1) over r from the bubble
surface to the outer boundary of the melt shell
results in the whole radial pressure drop around the
melt shell:

Z S

R

2ndr
r

¼ 2nln
S

R
(2)

Figure 1 Cell model of the bubble growth. Cw is the gas
concentration at the bubble interface.

1950 ZHANG ET AL.

Journal of Applied Polymer Science DOI 10.1002/app



The gas pressure inside the bubble (Pg) equals the
whole pressure of the melt shell, which takes the
following form:

Pg ¼ 2r
R

þ 2nln
S

R
þ Pf (3)

where r is the surface tension.
In view of the previous assumptions, the equations

of the force balance at the bubble surface and outer
boundary of the melt shell take the following forms:

Pg þ srrðRÞ ¼ 2r
R

þ PðRÞ (4)

PðSÞ ¼ Pf þ srrðSÞ (5)

where srr is the normal component of the stress ten-
sor and P is the melt pressure.

Basic governing equations of the bubble growth

Continuity equation

The continuity equation in spherical coordinates is
given by

r � ~V ¼ @r2Vr

r2@r
¼ 0 (6)

where V is the velocity vector of the fluid and Vr is
the radial velocity of the liquid. At the interface of the
bubble and the melt shell, eq. (6) may be simplified to

Vr ¼ R2 _R

r2
(7)

where _R is the radial bubble velocity.

Momentum equation

The momentum equation in the radial direction for
the spherical coordinates is expressed as

� @P

@r
þ 1

r2
@ðr2srrÞ

@r
� 2shh

r
¼ 0 (8)

Equation (8) can be switched to

� @P

@r
þ @srr

@r
þ 2

r
ðsrr � shhÞ ¼ 0 (9)

On integrating eq. (9) over r from the bubble sur-
face to the outer boundary of the melt shell, one
obtains

�PðSÞ þ PðRÞ þ srrðSÞ � srrðRÞ þ 2

ZS
R

srr � shh
r

dr ¼ 0

(10)

Substituting eqs. (2), (4), and (5) into eq. (10), one
can obtain

2Pg � 2Pf � 4r
R

� 2n1n
S

R
þ 2

ZS
R

srr � shh
r

dr ¼ 0 (11)

Differential mass balance

To calculate the gas concentration within the melt
shell and Pg, a gas diffusion equation in the spheri-
cal coordinate is introduced,8,14 namely

@C

@t
þ Vr

@C

@r
¼ D

r2
@

@r
r2
@C

@r

� �
RðtÞ � r � S (12)

where C is CO2 concentration dissolved in the polymer
melt, and t is the gas diffusion time in the melt. The ini-
tial and boundary conditions for eq. (12) are

Cðr; 0Þ ¼ C0 ðR � r � SÞ (13)

@C

@r

����
r¼s

¼ 0 (14)

CRðR; tÞ ¼ KhPg (15)

where C(r,t) is the CO2 concentration dissolved in
the polymer melt, D is the diffusion coefficient, CR is
the gas concentration at the bubble interface, and Kh

is the Henry’s law constant.
The conservation of mass inside the bubble is15

d

dt

4p
3
qgR

3

� �
¼ 4pqDR2 @C

@r

����
r¼R

(16)

where qg is the gas density and q is the melt
density.
To simplify the calculation,14,16 the gas in the bub-

ble is assumed to follow the ideal gas law:

qg ¼
PgM

RgT
(17)

where Rg is the molar gas constant, M is the molecu-
lar weight of the gas, and T is the temperature.
The substitution of eq. (17) into eq. (16) results in

d

dt

PgMR3

RgT

� �
¼ 3qDR2 @C

@r

����
r¼R

(18)

Constitutive equation

According to the characteristics of the foaming liquid,
we first refer to the Dewitt viscoelastic model,5,17,18

which describes the important viscoelastic properties
of the polymer, such as stress, stress relaxation, and
viscosity. It may be represented as

~sþ k
D~s
Dt

¼ g~d (19)
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where s is the stress tensor, g is the viscosity, k is
the relaxation time, and ~d is the strain-rate tensor
and can be written as

~d ¼ 1

2

2 @Vr

@r r @
@r

Vh
r

� �þ 1
r
Vr

@h
1

rsinh
@Vr

@/ þ r @
@r

V/

r

� �
r @
@r ðVh

r Þ 2 Vr

r þ 1
r
@Vh
@h

� �
sinh
r

@
@h

V/

sinh þ 1
rsinh

@Vh
@/

� �
0 0 2 1

rsinh
@V/

@/ þ Vr

r þ Vhctgh
r

� �

2
666664

3
777775

(20)

where h is the angle in the horizontal direction in
polar coordinates, / is the angle in the vertical direc-
tion in polar coordinates, Vh is the liquid velocity in
the direction of angle h in polar coordinates, and V/
is the liquid velocity in the direction of angle / in
polar coordinates.

The substitution of Vy ¼ V/ ¼ 0 and Vr ¼ (R2 _R/r)2

into eq. (20) results in

~d ¼
@Vr

@r 0 0

0 Vr

r 0

0 0 Vr

r

2
64

3
75 ¼

� 2R2 _R
r3

0 0

0 R2 _R
r3

0

0 0 R2 _R
r3

2
64

3
75 (21)

The stress tensor (~s) can be expressed as

~s ¼
srr 0 0
0 shh 0
0 0 s//

2
4

3
5 (22)

where shh is the stress tensor in the direction of
angle / in polar coordinates. The integration of eqs.
(21), (22), and (19) results in

srr þ k
@srrðr; tÞ

@t
þ R2 _R

r2
@srrðr; tÞ

@r

" #
¼ �2g

R2 _R

r3
(23)

shh þ k
@shhðr; tÞ

@t
þ R2 _R

r2
@shhðr; tÞ

@r

" #
¼ g

R2 _R

r3
(24)

A relationship between syy and srr can be obtained
from eqs. (23) and (24):

shh ¼ � 1

2
srr (25)

where shh is the stress tensor in the direction of
angle / in polar coordinates. Substituting eq. (25)
into eq. (11) yields

2Pg � 2Pf � 4r
R

� 2nln
S

R
þ 3

ZS
R

srr
r
dr ¼ 0 (26)

On the basis of the previous analysis, the governing
equations of the bubble growth are given by

2Pg � 2Pf � 4r
R � 2nln S

R þ 3
RS
R

srr
r dr ¼ 0

srr þ k
@srrðr; tÞ

@t
þ R2 _R

r2
@srrðr; tÞ

@r

" #
¼ �2g

R2 _R

r3

8>>><
>>>:

(27)

To facilitate the theoretical analysis, the following
Lagrangian coordinate transformation7,19 was used

h ¼ r3 � RðtÞ3
h i

(28)

where h is the Lagrangian coordinate radius. The
parameter k0 is defined as

k0 ¼ S3 � R3 ¼ S30 � R3
0 (29)

where k0 is a constant because the melt shell volume
is invariable because of its incompressible properties.
After Lagrangian transformation, eq. (23) can be

rewritten as

@srrðh; tÞ
@t

þ srrðh; tÞ
k

¼ 2g
k

R2 _R

hþ R3
(30)

Calculating eq. (30) leads to

srrðh; tÞ ¼ srr;0e
� t

k � 2g
k

Z t

0

e
s�t
k

R2 _R

hþ R3
ds (31)

in which srr,0 (the initial normal stress) is srr(h,0).
Substituting eq. (31) into eq. (26) results in

2Pg � 2Pf � 4r
R

� 2nln
S

R
þ 3

ZS
R

srr
r
dr

¼ 2Pg � 2Pf � 4r
R

� 2nln
S

R
þ
Zk0
0

1

hþ R3
srr;0e

� t
kdh

� 2g
k

Z k0

0

1

hþ R3
dh

Z t

0

e
s�t
k

R2 _R

hþ R3
ds ¼ 0 ð32Þ

Equation (32) is discretized and simplified as followed

Rnþ1 ¼ Rn þ Rnkðk0 þ R3
nÞ

gk0

� Pgn � Pfn � 2r
Rn

� 1

3
nln

k0 þ R3
n

R3
n

þ 1

2
srr;0e

�tn
k ln

k0 þ R3
n

R3
n

� 	

� Rne
�Dt

k In ð33Þ

where Dt is the time increment for each step, In is
the value of equation (34) in step n after discretiza-
tion, and n is the discretization number.

In ¼ e�
tn
k

Z tn

0

e
s
k _RðsÞ
RðsÞ ds ¼ e�

Dt
k In�1 þ Rn � Rn�1

Rn�1
(34)
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Solution procedure

Dimensionless form of the governing equations

To facilitate the analysis, we defined the following
dimensionless parameters and groups (denoted by
an asterisk):

R� ¼ R

R0
; t� ¼ t

k
; S� ¼ S

R0
; k�0 ¼

k0

R3
0

; P�
g ¼

Pg

Pa
;

P�
f ¼

Pf

Pa
; r� ¼ r

R0Pa
; n� ¼ n

Pa
; s�rr;0 ¼

srr;0
Pa

; C1 ¼ kPa

g

where Pa is the ambient atmospheric pressure, R0 is
the initial bubble radius, and S0 is the initial outer
radius of the cell shell.

In terms of the dimensionless variables, eqs. (33)
and (34) take the following forms

R�
nþ1 ¼ R�

n þ
R�
nC1ðk�0 þ R�3

n Þ
k�0

� P�
gn � P�

fn � 2r�
n� �

1

3
n�ln

k�0 þ R�
n3

R�3
n

þ 1

2
s�rr;0e

�t�n lnk�0

�

þR�3
n n�3

	
� R�

ne
�Dt� In ð35Þ

In�1 ¼ e�Dt�In�2 þ R�
n�1 � R�

n�2

R�
n�2

(36)

Parameter values

Melt strength. The melt strength of a PP resin is meas-
ured on a capillary rheometer.20 The dependence of
the melt strength on the temperature is given by21

logðMSNÞ ¼ E

RgT
þ logCS (37)

where CS is a constant, E is the activation energy of
the melt strength (J/mol), and Rg is the molar gas
constant.

The melt tension is defined as the melt strength
per unit area and can be calculated with the follow-
ing equation:

n ¼ MSN
A

(38)

where n is the melt tension and A is the area. The
material constants for the CO2/PP resin are listed in
Table I for this study.22–28

Pf. With respect to ref. 18, Pf dropped from the ini-
tial ambient pressure (Pf0) to Pa within 3 s following
the equation:

Pf ¼ aþ b

ðtþ 1Þ3 (39)

The initial and boundary conditions are

t ¼ 0; Pf ¼ Pf0

t ¼ 3; Pf ¼ Pa

Pf0 was calculated with the equation:

Pg0 � Pf0 � 2r
R0

� 1

3
n�1n

k0 þ R3
0

R3
0

þ 1

2
srr;0ln

k0 þ R3
0

R3
0

¼ 0

(40)

Initial gas pressure inside the bubble (Pg0). With respect
to ref. 24, Pg0 is expressed as

Pg0 ¼ C0

Kh
¼ 5%

1� 10�8
¼ 5� 106 ¼ 5 MPa (41)

where C0 is the initial gas concentration in the ana-
lyzed region.

Initial outer radius of the cell shell (S0). The initial
outer radius of the cell shell is given by24

S0 ¼ 3

4pN0

� �1
3

ðcmÞ (42)

where N0 is the cell density. When N0 is in the range
108–109cells/cm3, S0 is 30 lm � 60 lm. In this study,
S0 was assumed to be 50 lm.

RESULTS AND DISCUSSION

Three parameters were taken into account in the
bubble growing process on the basis of the previous
controlling equations in this article, including the
melt strength, viscoelasticity, and Pg0, as shown in
Figures 2, 3, and 4. The three figures show that the
bubble grew rapidly, accompanied by oscillation,
during the early stage of bubble growth. Bubble os-
cillation is a common phenomenon in the bubble

TABLE I
Basic Constants Required for the CO2/PP System22–28

Initial bubble radius22,25 R0 1 lm
Initial outer radius of the
cell shell24 S0 50 lm

Initial ambient pressure
around the cell shell Pf0 4.9725 � 106 N/m2

Initial gas pressure inside
the bubble24 Pg0 5 � 106 N/m2

Surface tension26 r 2.31 � 10�2 N/m
Initial normal stress5,17 srr,0 3.2 � 103 N/m2

Initial gas concentration28,35 C0 5%
Molar gas constant24 Rg 8.3143 J/mol K
Diffusion coefficient24 D 8 � 10�9 m2/s
Henry’s law constant14,22–24 Kh 1 � 10�8 m2/N
Relaxation time24 k 0.01 s
Viscosity g 18,000 Pa s
Constant CS 4.02 � 10�15

Activation energy E 4.923 � 104 J/mol

Pf0, g, CS, and E were calculated and measured in this
study.
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growing process. Yang and Lawson,29 Hoo and
Han,30 and Liu31 reported that the bubble oscillates
in the bubble growing process because the polymer
melt has mass and elasticity. At the beginning of
bubble growth, the bubble expands rapidly, and the
polymer melt around the bubble flows outward in
the radial direction, driven by the high Pg. Pg

quickly drops because little gas diffuses into the
bubble from the ambient melt within a very short
time. Pg approaches the surrounding pressure bit by
bit. Then, Pg keeps on dropping because of the con-
tinuous bubble growth because of inertia.31,32 When
Pg is lower than the pressure of the melt shell
around the bubble, the melt flows inward, and the

bubble shrinks. Pg increases because of gas diffusion
and pressurization, which leads to bubble expansion
for the second time. Then, the second cycle of bubble
growth begins. The bubble oscillation persists per-
manently until the force becomes balanced or the
energy is exhausted.
Figure 2 shows the effect of the dimensionless

melt tension on the bubble growth. The melt tension
is the melt strength per unit area, so Figure 2 also
directly indicates the effect of the melt strength on
bubble growth. The melt strength had little effect on
the bubble growth rate during the early stage of
bubble growth. However, the bubble oscillation am-
plitude was lower for the polymer with a higher
melt strength. Furthermore, the oscillation attenua-
tion accelerated as the melt strength increased. On
the other hand, a higher melt strength led to a lower
bubble growth rate, shorter growth time, and
smaller ultimate bubble size in the latter stage of
bubble growth. The melt strength is the resistance
force to the melt tensile force and melt deformation.
In the polymer foaming process, a higher melt
strength implies a higher resistance to bubble
growth and a higher damp force for the bubble os-
cillation. Therefore, a high melt strength is very use-
ful for stabilizing bubble oscillation and decreasing
the bubble size, which is very important for micro-
cellular foaming. On the basis of the previous analy-
sis, we concluded that the melt strength is a very
important parameter for bubble growth in the foam-
ing process, especially for semicrystalline polymers,
such as PP and polyethylene (PE). PP resin has a
very poor foamability, mainly because of its low
melt strength, because of the linear molecular struc-
ture and crystallizable properties. Several methods

Figure 3 Bubble radius as a function of growth time for
different values of C1* (Pg0 ¼ 5 � 106 N/m2, n* ¼ 3.0).
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 4 Bubble radius as a function of growth time for
different values of P�

g0 (where P�
g0 ¼ Pg0/Pa, C1 ¼ 0.05, n*

¼ 3.0). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

Figure 2 Bubble radius as a function of growth time for
different dimensionless melt tensions (C1 ¼ 0.05, Pg0 ¼ 5
� 106 N/m2). [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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have been used to enhance the melt strength and
improve the foamability of PP.33–35

Figure 3 shows the bubble growth as a function of
growth time for different dimensionless parameters
(C1*’s). C1 is the ratio of elasticity to viscosity of the
polymer (C1 ¼ kPa/g), which reflects the polymer
viscoelasticity, where k is the relaxation time relating
to the polymer elasticity. A longer k implies a higher
elasticity. A decreasing k or increasing melt g leads
to a decrease of C1. The effect of C1 on bubble
growth is obvious in Figure 3. During the early stage
of bubble growth, the bubble oscillation amplitude
and bubble growth rate decrease, and the oscillation
attenuation accelerates as C1 decreases, which
implies that the melt viscoelasticity is one of the
resistances for the bubble growth. However, in the
latter stage of bubble growth, C1 has little effect on
the growth rate and ultimate bubble size. A similar
ultimate bubble radius was obtained with various C1

values, as shown in Figure 3.
Figure 4 shows the effect of the P�

g0 on the bub-
ble radius. The bubble growth rate varies little, but
the bubble oscillation increases as Pg0 increases
in the early stage of bubble growth. In the latter
stage, the bubble growth rate accelerates with
increasing Pg0, which leads to an increase in the
ultimate bubble radius. Pg is the main driving force
for bubble growth. A higher Pg0 implies a larger
driving force, which leads to easier bubble growth,
a higher growth rate, and bubble oscillation, as
shown in Figure 4.

CONCLUSIONS

The effects of the melt strength, viscoelasticity, and
gas pressure on bubble growth were studied and
simulated in theory on the basis of mechanical anal-
ysis of the bubble growth with a cell model. We
made the following conclusions:

1. The theoretical analysis indicated that the bub-
ble grows rapidly accompanied by oscillation in
the early stage of bubble growth.

2. The effect of the melt strength on the bubble
growth was thoroughly and theoretically inves-
tigated in this study. The oscillation amplitude
decreases and the oscillation attenuation accel-
erates with increasing melt strength in the early
stage of bubble growth. During the latter stage,
the bubble growth rate and growth time greatly
decrease as the melt strength increases, which
leads to a diminishment in ultimate bubble size.
Therefore, the melt strength plays a very impor-
tant role in stabilizing bubble growth and
decreasing the ultimate bubble size.

3. The polymer viscoelasticity has less influence
on bubble growth. As C1* decreases, the bubble
oscillation amplitude and bubble growth rate
decrease, and the oscillation attenuation acceler-
ates during the early stage of bubble growth.
However, in the latter stage, the growth rate
and ultimate bubble size vary little as C1

decreases.
4. Pg is the driving force for the bubble growth.

An increasing Pg0 leads to an enhancement in
the bubble oscillation and bubble growth rate,
so the ultimate bubble size increases.
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